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1 Definitions 


1.1 Isomorphism in Normed Spaces 


Let X and Y be any two normed spaces. An tsomorphism from X to Y is defined as a bijective 


linear transformation from X to Y such that ||2||, = ||Z'(x)||,-, provided that such a bijection 
exists. Whenever an isomorphism from X to Y exists, we say that X and Y are tsomorphic. 
For convenience, we write ||x||, = ||T(x)||, as |||] = |[Z(x)||. It must be understood that the 


two norms are, in general, different. 
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1.2 Signum Function 


Let z € C. Define sgn : C > C as sgn(z) = a for z £ 0 and sgn(0) = 0. Then, sgn defined as 
z 
the signum function on C. 


1.3. Schauder Basis 
Let X be a normed space. Let (e,)72, be a sequence in X such that to every x € X, there 
corresponds a unique sequence of scalars (x;,)?2, such that x = S > reer. In such a case, we say 


k=1 
that (e;)?2, is a Schauder basis for X. 


2 Some Results of Linear Transformations 


2.1 Remark 


This section shall deal with some basic yet extremely useful properties of linear transformations 
(i.e. linear operators). 


2.2 Theorems 


Theorem 1. Let X and Y be finite dimensional vector spaces. Let {e€1,€2,-+: ,€n} be a basis for 
X. Let f:X > Y andg: X > Y be two linear transformations such that f(e;) = g(e;) for all 
¢ Sle Dee: se TRE of = G: 


Proof. Let x € X and write x = S- rper. As f is linear and as f(e;) = g(e;) for alli = 1,2,--- ,n, 
k=1 
we have, 


f(a) = )> wef (er) = > eeglex) = 9(2). 











But, « € X was arbitrary. Hence, f = g. 





Theorem 2. Let (e,)°2, be a Schauder basis for a normed space X. Let f : X + Y be a bounded 


linear operator. Then, for x = YS" tren, we have, f(x) = oS xf (ex). 
k=l 


k=1 


Proof. Let the given conditions hold. As f is linear and bounded, it is continuous. Now, for any 


n € N, we have, 
f (>: ne _ S° wef (ex) 
k=1 k=1 


which gives, 


etd Saini 
k=1 


k=1 
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Due to continuity of f, this ultimately gives, 


f(x) = S° wef (er): 











Hence the proof is complete. 





Theorem 3. Let (en)°2, be a Schauder basis for a normed space X. Let f : X — Y and 
g:X — Y be bounded linear operators such that f(e;) = g(e;) for allie N. Then, f = g. 


Proof. Let x = S > reer. As per the given conditions and Th.2, 
k=1 


f(x) = S° wef (er) = S— regen) = (2). 














But, « € X was arbitrary. Hence, f = g. 


3 Some Results on Euclidean and Sequence Spaces 


3.1 Remark 


In this section, we shall prove some results related to sequence spaces which shall be used in 
theorems of sec.4. 


3.2 Theorems 
































Theorem 4. Let y = (y1,Y2,°°: ,Yn) € R”. Then, f : R" > R defined by f(x) = S“reye is a 
k=1 


linear functional such that y; = f(e;) for every j = 1,2,---,n. Here, = (@1,%9,--+ , Xp) and 
{€1, €2,°*+ ,€n} is the standard basis for R”. 























Proof. As y is fixed and as the components of any given point in R” is unique, each of the products, 
LeY~, in the given sum must unique and due to this, the sum is unique. Hence f is well defined. 
As the range is a subset of R, it is a functional. Let a = (a1, a2,--- ,a,) and b = (b1,bo,--+ , bn) 
be any two points in the given Euclidean space and let a@ and { be scalars. Then, 

















n 


f(aa+ 6b) = S “(aay + Bbp) yp 





k=1 
- S (cane + BbrYx) 
k=1 
= a se ayer + B S- bk 
k=1 k=1 
= af(a) + Sf(0). 
This proves the linearity. We know that for e;, where 7 = 1,2,--- ,n, the j** component is 1 and 











the rest are zero. So, taking x = e;, f(e;) =1-y; =y,;. This completes the proof. 
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Theorem 5. Let (€,)72, be a sequence defined by €, = (djx)721, where the delta represents the 
Kronecker delta. Then, (€,)?, is Schauder basis for every l, space where, p 4 ov. 


Proof. Let % = (xx)P2, be any sequence in I, space, where p # oo. We note that each é;, is in 


the l,, space since S- |O;|? = 1 < oo, for every &. We claim that 7 = Se Pee. Let us define 
j=l k=1 


S., = S > reek. Put 9 =z. Then, we have, 
k=1 


Ss, = (%1,%o,°°° GO Oars) 


§= (21,22, 2X3, oe -). 


Now, 5S, —S = (0,0,--+ ,0,-@n41, —@n+42,°-+) which is clearly in J, space. Furthermore, 
00 1/p 
[|S» — S|| = y Lele —+0asn— oo 
k=n+1 
[oe) (oe) (oe) 
since y |xx|? is the remainder of the convergent series y |zx|/”. Hence we have, # = y BECK 
k=n+1 k=1 k=1 


In order to show that this representation is unique, we note that for 0 = (0,0,---), the representa- 


tion is 0 = oe 0 - & and this is the only representation for 0, otherwise, the sum on the right-hand 


k=1 
oo 


side of 0 = eee shall be non-zero, for at least one x, # 0. So the representation for 0 is 


k=1 
< 5 > aay = — = Io n a 
unique. If possible, let, for 7 # 0, # = S > tei = So thee and Xp, # Tiss for some k = kp. This 
k=1 k=1 
clearly gives, due to the convergence of series, So (ee — v),)&, = 0 and so, x, = x, for all k EN. 
k=1 


SO Ly = ©, which, along with our initial assumption about these scalars, gives a contradiction. 
Hence, the representation is unique and hence, (€;)72, is a Schauder basis for |, spaces. 

















1 il : 
Theorem 6. Let p,q > 1 and let —-+-—=1. Let ¥ = (yn)%2y € lp. Then, f : 1, + K defined 
Pq 


bg a) = So eye is a bounded linear functional such that y; = f(é€)) for every 7 € N. Here, 
k=1 
E = (fn)R4 € ly and (&,)2, ts as in Th.o. 


Proof. Under the given conditions, we can observe that 


oo ioe) 1/p oo 1/q 
> IceYE| S (>: i?) (> i! se 
k=1 k=1 k=1 


Isomorphism in Euclidean and Sequence Spaces 





due to Holder’s inequality. So, the sum is in K due to its absolute convergence and, due to 
uniqueness of each x;, we shall conclude that f is well defined. Let a, 3 € K and §= (s,)°,,t = 
(tn)22, € l,.Then, 





Me 


f (ast Bt) = (asp + Bte) Ue 


1 
Qa oe Sk¥k + B Steyn 
~1 k=1 


= af(5)+Bf(é). 


This shows linearity and from the inequality we obtained, we can write that 


CO 
y LRVk 
k=1 


This shows f is bounded. By definition of &,, f(&,) = 1-y, = yx. This completes the proof. 


> 
ll 


|f(Z)| = 








CO 
ei 

















Theorem 7. Let ¥ = (Yn)°1 € lo. Then, f :l, - K defined by f(z) = So reve is a bounded 
k=1 

linear functional such that y; = f(é;) for every 7 EN. Here, © = (tn)p, € hi and (€,)~, ts as in 

Th.9d. 


Proof. We know that, S- |z,| < oo and as 7 € Ix, it is bounded. So, 
k=1 


(oe) (oe) 
k=1 k=1 


(oe) 
sup |Ye| S- [Pacle OS. 
keN 4] 


IA 


As each of the terms, x;, of # are unique, 7/ is fixed and as per the above absolute convergence, it 
follows that the sum in the definition of f converges and is unique. Hence, f is well defined. Let 
a,@ € K and $= (8n)°21,t = (tn)e@, € .Then, 





oe) 


S (ase + Bt) Ur 


k=1 


a S- SkYk + B Steve 
= HI 


= af(5)+Bf(t). 


This shows linearity and from the inequality we obtained, we can write that 


oo 
y UKYk 
k=1 


This shows f is bounded. By definition of &, f(é) = 1- yx = yx. This completes the proof. 


iA (as + Bt) 


[f(Z)| = 








CO 
jel 
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Theorem 8. Let &) = (1)°, and let &, be defined as in Th.5. Let c denote the space of all 
convergent sequences on C. Then, (€x)?29 forms a Schauder basis for c and, each X= (%p)°24 € ¢, 
converging to l, has a representation 


# = léy + So (ae — De. 


Proof. Under the given conditions, let us write 9 = 7 — lé = (x, —1,x_ —1,---) and Ss, = 


So (ah —lé&, = (a, —l,x2 —1,--- , 2, —1,0,0,---). This gives, 


k=1 
SS a0 Oita Oi ay hae ei 


So, we must have, 


|Sn — S| sub U, aca cb ena ta 
ne 


= sup{|2 — I, |z3 —U|,--- ,|e3 —U, |a4—U],--- , |a4—U],---} 
= sup{|z2 — l|, |x3 — d|,---} 
= sup |fr41 —] 

nen 


under the assumption that the norm is not zero, since in that case, we have ||S,, — S|] > 0 as 
n — oo, trivially. Now, we know that x, converges to /. So, take any arbitrary ¢ > 0 and let n € N 
be a natural number that corresponds to our ¢ > 0. Furthermore assume that n > N. Then, due 
E 
to convergence, under these conditions, |x, — I| < 5 Asn+1>n> WN (under our assumptions), 
E E 
we can say that they implicate |r,4, — l| < 5 This means that sup |@n41 —/| < 5 <e. Hence, 
n>N 


under the assumption that n > N, we have, 


Sn —SI]= sup |zagi — 2) = sup |tnq1 —I] <e. 
néEN; n>N n>N 
This shows S,, > S and hence, we get 7 — lép = So (ex — l)é,. This simply means 
k=1 


To show that representation is unique, we must show all the scalars in the above representation 
are unique. For this, consider 0 = (0)°2,, which converges to / = 0. So, we must have its 
representation as 


fore) ore) 
0=0- Ey + ) Lek = LECh- 
k=1 k=1 


As in Th.5, we may have all of x, = 0, and none of them can take any other value. So, 0 = 0- &. 
If we alter the coefficient of €), we no longer get 0. So, the coefficient of each of &; are unique and 
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zero for the null sequence. Let % = l'é) + Se — l')é;, be any other representation for 7. Then, 
k=l 


(l-U)é + Sic —V)& =0 
k=] 


and hence, | = I’ and also, every x, = 2/,. This shows the uniqueness of representation and hence, 
(€;) 7-9 forms a Schauder basis for c. 

















Theorem 9. Let ¥ = (yn )R9 € i. Let X= (n)P2, Ec with x, > 1. Define ®: cK by 
®(7) = yo I+ So eye: 
k=l 


Then, ® is a bounded linear functional onc such that ®(é;,) = yz for allk € N and ®(é€) ~ 5° a ®(E,) = Yo. 
k=1 
Here &, fork € N are as in Th.5. 


Proof. Under the given conditions, we may observe that since a convergent complex sequence is 
bounded, 


(oe) 


S— leeyel < up z%| 3 [Ye] < 00. 


k=1 k=1 


So, the sum in the definition of ® is convergent and due to uniqueness of terms of x;,, the sum 
given by the function is unique. So, ® is well defined. To show that ® is linear, let a,6 € K 
and & = (Se)72%, t = (te) ey = © _ Then Q8n + Bty > as + Bt, where, Sn > s and t, > t. Now, 


yo(as+ Bt) = yoast+yoft. Also, 5 + Btn)Y_, = a s SEYR+ PB Sie Thus, we may obtain, 
n=1 k=1 k=1 





yo(as + Bt) + S(aSn + Btn) Up 


n=1 


= yoastyobt+a > — seyet+B>— teye 


k=1 k=1 


a (w a S- nn] sees (w at Ss" in 


k=1 k=1 


&(5) + B&(E). 


®(as + ft) 


This shows linearity. Note that the sums in the above calculations are valid since c has bounded 
sequences and 1; has absolutely convergent sequences (which implies convergence). To show that 








® is bounded, we note that, from Real Analysis, for convergent sequences, | lim x,,| < ||z||, where, 
n—-Ooo 


\|z|| = sup |a;,|. So, using this and the first inequality in the proof of this theorem, we get, 
keN 


&(#)| = [Z| D0 lye! = lel IIL. 
k=0 
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This shows ® is bounded. We note that €; — 0 for all k € N and so, ®(&,) = 0-yo+yx-1 = yx. Next, 


as €&) + 1, we have, ®(é)) = 1-yo+ es 1-y¥% = yo + S- (é;,) and hence, yo = ®(€) — S- O(E;). 
k=1 k=1 k=1 











This completes the proof. 





3.3. Some notes for co and cr 


We denote the space of all complex sequences that converge to 0 (that is, space of null sequences) 
by co, and the space of complex sequences having at most finitely many non-zero terms (that 
is, space of sequences of finite support) by cr. Clearly, cr C co C c (verification left as an 
easy exercise). Now, for every null sequence, from Th.8, we can have a unique representation 


i So ree. So, the Schauder basis for J, spaces is a Schauder basis for co as well. Now, from 


Th.9, if we replace (yz)%25 by (yx)? (just for convenience) and consider only null sequences, then 
1 = 0, in the function of Th.9. If we restrict ® to cg, we can find a bounded linear functional ®|., 
on Co such that ®],, (€,) = yp. Similarly, as cp is a subspace of co, and as all of &, are in cp, it 
is a Schauder basis for cr as well. Restricting ®|., to cr, we can find a bounded linear functional 


®|,, on co such that ®|,, = (€) = yr. For convenience, we denote each of these restrictions by ® 
without any ambiguity. 


4 Main Theorems 


4.1 Remark 


The following theorems establish the isomorphisms between a normed space and the dual of another 
normed space. We say that the dual of X is Y if and only if the dual of X ts tsomorphic 
to Y. 


4.2 ‘Theorems 
Theorem 10. Dual of R” is R”. 
























































Proof. Let x = (%1,%2,--: ,2n) € R” and let f € (R”)’ = (R”)*. Consider the standard 











basis {€1, €2,--- en} of R". Then, we must have, x = S > rper. As f is linear, we shall get, 
k=1 


f(x) = S- wef (er). Let us define T : (R")' > R” by T(f) = (f(e1), f(e2),--> , flen))- 
k=1 
e T is well-defined. 


As f is a functional, it is obviously a map and so, each of f(e,) are unique. Hence, to f, T 
assigns a unique element of R”. So, T is well defined. 












































e T is one to one. 
Let f and g be two elements in the domain of T such that T(f) = T(g). Then, f(ex) = g(ex), 
for every k = 1,2,---,n. Since the e;’s constitute a basis, from Th.1, f = g, since R” is 
finite dimensional. So, T’ is one to one. 
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e T is onto. 
































Let y = (y1,Ye,°°* > Yn) € R”. Define h: R” > R by A(z) = Sree: Then, it is a linear 
k=1 

functional on R” (which means h € (R”)’') such that y; = h(e;) for every 7 = 1,2,--- ,n, 

as per Th.4. Here, y was arbitrary. So, if we vary y, it is clear that, for each of them, 

we can find a map as given by h. Furthermore, y; = h(e;) means, (y1,42,°-: ,Yn) = 

(h(e1), h(e2),--- , A(En)) = T(h), so, to each y, we can find an h in R” such that y = T(h). 

This means T is onto. 






































e T is linear. 
Let a, 8 € R and f,g € (R")’. Then, 


Taf + Bg) = (laf + 89)(&), (af + B9)(é2),--- (af + Bg)(En)) 


which, on simplification, gives 


Taf + Bg) = aT (f) + BT(g) 






































as per the usual rule of addition and scalar multiplication for R”. So, T is linear. 


e ‘TI preserves norm. 
Let « £0 € R”. Then, by Cauchy-Schwarz inequality, 

















1/2 


Ps " 1/2 a 1/2 Pa 
If(e)| < S7 laeuel S (>to (32 mt = la] es mf) = {lel [lel] 
k=1 k=1 k=1 k=1 


where, u = (ti, U2---Un) = (f(e1), f(e2),--- , f(en)) =T(f). This gives, 
F(x) If (2) 


eal eal 


On the other hand, by definition of ||f||, we have, for « 4 0, we have, 








< ||u|| = sup <|lull > [fll < lull: 
«40 











f(x f(x 
yy] <u FOL @) 

x40 ||2r| ||| 
and so, taking, in particular, x = u, we get, 

FIL = lel] 
since, |f(u)| = So ug: Up = So ug = ||u||?. The last two inequalities give ||f|| = ||Z'(f)|]. 

k=1 k=1 

Note that we are allowed to do all these if u # 0. If u = 0, then it shall mean f(e1) = 
f(e2) =--: = flen) = 0. So, we get f(x) = 0 for all x and so, f becomes a zero function. 
So, ||f]| = 0. As f =O, |IT(A)I] = IZO)I| = |]Oll = 0 = |Ifl]- Hence, the norm is 
preserved. 























These show that (IR”)’ is isomorphic to R”, that is, dual of R” is R”. 
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Theorem 11. Dual of ly 18 loo 


Proof. Let (€,)g2, be a sequence in 1, such that € = (6j4)72,. Then, this sequence is a Schauder 
basis for 4, from Th.5. Let # = (a1,%9,---) € l, and f € U{. Then, from Th.5, we have 


=o and from Th.2, as f is a bounded linear operator, we have, f(Z =y xr f (Ex). Let 


k=1 =1 
us write y, = f(é&;). Now, as f is a bounded linear functional, |y| = |f(é)| < ||fI| lleel|. By 
definition of é, it is clear that one of its terms is 1 and the rest are 0. So, under J, norm, ||é;|| = 1. 


Hence, we have, 


lel = 1F(E%)] SIFIL > sup [F(E%)I <IIFIl < 00 (1) 
which shows (f(€))?21 = (V)%24 © loo. Let us define T: I; 1, by T(f) = (f(&)) 2,1. Then, 
e T is well defined. 


Here, f is a functional, so, is a function. Hence, it assigns a unique value f(é,) to each &. 
Hence, each of the elements of the sequence in the definition of T’ are unique, for each given 
f. Thus, T is well defined. 





e T is one to one. 


Let f and g be two elements of I such that T(f) = T(g). Then, f(é,) = g(é€,) for every 
k € N. Hence, from Th.3, f = g, making T one to one. 





e T is onto. 





Let ¥ = (Yn), be any element in /,,. Let h: 1, + K be defined by h(z a LEY. Then, 


k=1 
from Th.7, it follows that h is a bounded linear functional on 1; such that y; = h(é;). This 


means fh € I, is such that 7 = T(h). As y¥ was arbitrary, we may conclude that for each 
Y € lx, we can find h € li such that y= T(h). Hence T is onto. 


e T is linear. 
Let a, 8 € K and f,g € lj. Then, 


T(af + 8g) = ((af + Bg) (€x)) a 





which, on simplification, gives 


Taf + 8g) = aT(f) + 6T(g) 


as per the usual rule of addition and scalar multiplication for complex sequences. So, T' is 
linear. 


e TI preserves norm. 
From (1), it is clear that ||T(f)|| < ||f||. For the reversed inequality, we note that 





oe) 


>_ leer! S sup hal keel = = {lel PII 


k=1 k=1 
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and hence due to this absolute convergence, we can say that |f(Z)| < |[Z]|| ||7(f)||.. Thus, 
for  # 0, this gives 


TEE SIP > spt < (PI = I< NPUNIE 


Hence T’ preserves norm, as the last two inequalities give ||f|| = ||7(f)]]. 

















Hence [{, is isomorphic to Io, that is, dual of 1 is Ix 


1 1 
Theorem 12. Let p,q > 1 and let -+ —=1. Then the dual of l, 18 lg. 
P 


Proof. Let € = (tp)?2, € b and fel). Let (&)g, be a eC ances basis of 1, as given by Th.5. 


Then, we can write # = sae So, from Th.3, f(Z% ee é,). Let us write y, = f(é). 
k=1 k=1 
Then f(z =o Cr yp. Let n € N. Define a sequence z= (tees as 
k=1 
q 
[el ify, AO and1l<k<n 
i= Yk 
0 ify, =Oork>n. 
Then, 
oe) . vel? n 
Sova => (PEP) = Doha = halt < oe 
k=1 Vk k=1 
‘ : 1 - 1 1 q a 
being a finite sum and as —- + —-=1@-=1--—-@-=q-1#q=p(q-1). So, ZE |. 
P @q Pp qd Pp 


Hence, we obtain, 
(#) 7. 
f(#) = Yan et a= Doll > 0 


Note that in the finite sum eee Ye, it is not necessary aay all of the n terms are non-zero. 
We have assumed that the sum is non-zero, which makes sure that one of the terms (at least) 
isn’t zero. The cancellations are being performed only for such terms. We have not stated the 
condition of considering non-zero terms among the first n terms is not mentioned in the sigma 
notation for the mere sake of convenience. 


Now, due to boundedness of f, we have, 
\f(@) = F@) < |IFl [lel 


Using the values of ||2'|| and |f(z)| in the above inequality, we get, 


n n 1/p n 1/q 

1 1 
ln (Sohn) = (3> hat) sii (t=1-2), 
k=1 k=1 k=1 q Pp 


We know that a real valued function on R given by f(t) = t!/¢ for t > 0 is continuous and in the 
last inequality, n € N is arbitrary. As the sum in the inequality represents the sequence of partial 














it 
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sums of a non-negative sequence, the resulting sequence of partial sums is non-decreasing and is 
bounded. Hence, taking limits as n — oo, we get, 


06 1/q 
(3°) < IIfl| < co. 
k=1 


If we consider the case when the sum is zero, then, by definition, it must be that all the first n 


Cc 


1/q 
terms of the (7), are zeroes and so (>: rt = 0 <||f||. Hence, in all possible cases, we 
k=1 
have, 


lee) 1/q 
(>: rt mies 
k=1 


and so, (Y«)e1 = (f (Ek) Ra © Lae 
Now, define T : [, > 1, by T(f) = (f(€k))#21. Then, 
e T is well defined. 


We have already shown that T(f) € J, and as f is a functional, it assigns a unique value to 
each of €; and hence the sequence in the definition of T' is unique. Hence, T’ is well defined. 





e T is one to one. 


Let f and g be two elements of I such that T(f) = T(g). Then, f(é,) = g(€,) for every 
k € N. Hence, from Th.3, f = g, making T one to one. 





e T is onto. 
Let 7 = (Yn)? € J, Then, from Th.6, it is clear that the map h : 1, — K defined by 


(oe) 





h(#) = So rey is a bounded linear functional such that y; = h(é}). So, varying y, we get 


k=1 
different such h and each h is in I. Hence, to each y € I, there corresponds an h € I, such 
that T(h) = y. Hence T is onto. 


e T is linear. 
Let a, 8 € K and f,g € lj. Then, 


T(af + 8g) = ((af + Bg) (€x)) Fa 


which, on simplification, gives 





Taf + 8g) = aT(f) + BT(g) 


as per the usual rule of addition and scalar multiplication for complex sequences. So, T’ is 
linear. 


e ‘I preserves norm. 





From previous discussions, we already have that ||T'(f)|| < ||f||. For the reverse inequality, 
we can observe that, by an application of Holder’s inequality, we may obtain 


ioe) lee) 1/p ioe) 1/q 
S- leevel < (>: iat) (> nl = [lel] PCE) reall = [2 EOI. 
k=1 k=1 k=1 
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Due to this absolute convergence, we can say that |f(Z)| < ||z|| ||7’(f)||. Thus, for # 4 0, 
this gives 
|f(2)| |f(®)| 
= SIT > sups_- <IITAI = INF SITU. 
[|| z40 ||2|| 
Hence T preserves norm, as the last two inequalities give || f|| = ||7(f)]||. 











This shows us that U is isomorphic to l,, that is, the dual of I, is 1g. 





Note : If we merely interchange the role of p and q in the above theorem, we can show that the 
dual of 1, is 1,. It is left as an exercise for the reader. 





Theorem 13. Dual of c is |. 


Proof. Let = (%,)°, € c. Consider a Schauder basis for c as in Th.8. Let f € c’. Taking the 
representation and notations in Th.8 and as f is a bounded linear operator on c, we can write 


f(@) =1f(@) + So (ee — DF (&). 


Let n € N. Define a sequence h = (hp), by 


sen(f(é&)) ifl<k<n 


i= 
0 ih eS ts 
As h has finitely many non-zero terms, it converges to zero, so 1 = 0 for h. Now, |F = sup |h;| = 
keN 
sup{0, |sen(f(é))|, |sen(f(2))|,««+ , [sen (f(E,)) |}. If \F | = 0, then by definition of & and the 


signum function, it follows that f(é,) = 0 for 1 <k <n. This means, 0 = S- | f(&)| < ||f]| and 
k=l 


hence, as n is arbitrary, in this case Ss" |f(&e)| < || fl]. If || # 0, at least one of the signum 
k=1 
functional values are non-zero. By definition of signum functions, it follows that for the non-zero 


signum functional values, say sgn(f(€,)), we have 


(F(E))I 
(F(&))| 


And so, || = sup{0,1} = 1. So, we have, in this case, as h€ cand f is bounded, 


=> lf &)| S 


Isgn(f(€))| = =I. 


= = h 


0-& +) sen(f (E))f (Ex) 


k=1 


[P(F) 

















All = FTL 











» sen(f (ex) ) f (Ex) 





As n was arbitrary, we get, ye | f(€)| < ||f||.. This shows absolute convergence of the series 
k=1 


> f(&,) and hence, the series itself is convergent. So, we have S- |a,| < oo, where, a, = f(&) 
k=1 k=0 
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oe) 


Hebe Nand sao (= De lel = )- So IFEL- Now, define T: c > 1, by T(f) =d= 


(ax)0 = (e ~ So FG), FG) eA Then, 


e T is well defined. 
As f assigns a unique value to each of €&, (k € NU {0}), T is well defined. 





e T is one to one. 





Let f,g € ¢ such that T(f) = T(g). Then, f(e;) = g(é&) for k € Nand so, > f(&) = > 9(&): 


k=1 


We also have, f(€) 3 | f(&,)| = g(€) — ye lg(é,)| and so, f(€)) = g(€). Hence, from 
k=1 
Th.3, f =g. This dione T is one to one. 
e T is onto. 
Let ¥ = (yn)°, € hh. Define ® : c— K by 





O(X) = yo E+ So eye: 


Then, from Th.9, ® is a bounded linear functional on c such that ®(é,) = y, for allk Ee N 
and ®(é€) Soa ®(€,) = yo. So, varying ¥, we get such ® for each of them. So, to each ¥, 
we can find a kare ® in c’, such that T(®) = y, as per our definition of T. Hence, T is onto. 


e T is linear. 
Let a,8 € Kand U,¢ € c. Then, we will get T(aW + BC) = aT (WV) + GT(C). We have to 
arrange the terms in the first component and the rest is similar to what we have done in the 
proofs of previous theorems. (The details are left as an exercise.) 





e ‘TI preserves norm. 





As per our considerations, we can write f(Z) = aol + So rae. As in Th.9, we have, 


k=1 
|| < ||Z]|. So, we get f(z) < (Io +l) |Z|| = pa) |||. Proceeding as in the 
k=1 k=0 


proofs of previous theorems, || f|| < S- lax] = ||al|. 
k=0 
To obtain the reversed inequality, let n € N. Define a sequence p = (p,)P2, as 


sgn(a,) if l<k<n 


Pr = 
sen(ao) ifk>n. 
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Since px = sgn(ao) for all except finitely many k, py, — sgn(ao). So, we can write, 


f (P) = aosgn(ag) + S- sgn(az)ax + S- sgn(dao)ax = |ao| + S- |ax| + S- sgn (do) dg. 
k=1 k=n+1 k=1 k=n+1 


So, we have, 





f(P) = aol + J axl + sen(ao) S> ax| < [Ifill 
k=1 k=n+1 

Taking limits as n — oo, the first sum is convergent as the sequence is in /; and the second 
sum converges to zero as it is the remainder of the first sum. So, we get, 

do lawl = Wall < IFT Me. 

k=0 
Due to the presence of signum function in the definition of j,as before, ||p]| = 1, if at least one 
of the signum functions isn’t zero. So, in such a case, ||@|| < || ||. Hence we get || f|| = ||dl]. 
If all of the signum functions are zeroes, then ||p|| = 0, and so ||f|| < 0 (first inequality 
under this heading), giving us ||f|| = 0. Note that all of the said signum functions being 
zero means for arbitrary n € N, a, = 0, so the image is a zero sequence. So, ||f|| = ||@ 
Hence, in all cases, || f|| = ||Z’(f)||. So, 7’ preserves norm. 











Thus, dual of c is isomorphic to /,, that is, dual of ¢ is 1. 





4.3. Dual spaces of co and cr 


Here we shall discuss, in brief, how the duals of cp and cr also happen to be /,;. Complete details 
are left as exercises for the reader. Notations are used as before. From sec.3.3, it is clear that for 


 € Co, we have f(Z) = > anf (€,). Now, define h as in the proof of Th.13. It is a null sequence. 


k=1 
oo 


Considering the various cases for its norm and proceeding similarly, we get S- Ff (eg) | SIF S00 
k=1 

So the sequence (f(€,))?2, is in l,. Define T : c — lL, by T(f) = (f(&)) 224. T being well defined 

and one to one follows as before. Sec.3.3 also helps us to show that it is onto. To show the norm 

preserving property do as in Th.11, with slight alterations wherever necessary. For cr, give this 

proof and you can get away with it, since h is of finite support as well. 





5 Final Discussion - What is the dual space of the sequence 
space /,,? 


One question shall arise - isn’t dual of /,, isomorphic to /;? One might see this as an obvious result, 
but sadly, this is not the case. Note that we have found isomorphic spaces for the dual spaces of 
all “good” sequence spaces, except /,,. So, why is it so? This is because |; is a separable space and 
l,. is not. As 1, is not separable, its dual cannot be linearly isometric, that is, isomorphic to |, 
a separable space. See [6] for more information. See [9] for how the dual is obtained. It requires 
some general concepts of Measure Theory and Radon measure. So, we shall not go beyond this 
with the discussion. We can also find isomorphic spaces for function spaces. See [1], [5], [6], [7] 
and [8] for such examples. 
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